In this theoretical work, we calculate potential energy curves, spectroscopic parameters and transition dipole moments of molecular ions BeX + (X=Na, K, Rb) composed of alkaline ion Be and alkali atom X with a quantum chemistry approach based on the pseudopotential model, Gaussian basis sets, effective core polarization potentials, and full configuration interaction (CI). We study in detail collisions of the alkaline ion and alkali atom in quantum regime. Besides, we study the possibility of the formation of molecular ions from the ion-atom colliding systems by stimulated Raman adiabatic process and discuss the parameters regime under which the population transfer is feasible. Our results are important for ion-atom cold collisions and experimental realization of cold molecular ion formation.
Introduction
In recent years, cold molecular ion [1] have received considerable attention in respect of cooling and trapping of molecules [2] and high-resolution spectroscopy [3] . Because of the characteristic long range ion-atom potentials, cold ion-atom collisions [4] [5] [6] are different from atom-atom and ion-ion collisions. The long range ion-atom potential described by -C 4 /r 4 , where C 4 = αq 2 /(8πǫ 0 ), with α being the static electric polarizability of the atom and r the ion-atom separation. The scattering in this potential offers the primary channel for the exchange of energy between the ions and atoms. Accordingly, the investigations of ion-atom collisions at low energy are very useful for the study of sympathetic cooling of atomic and ionic translational motion [7, 8] and to get a detailed control of the internal and external degrees of freedom of the molecular ions [9] . Ion-atom collisions at low energy are important for understanding charge transport phenomena [10] , ion-atom bound states [11] and cold molecular ions [12, 13] . Also, a wealth of cold molecular ionic species could be created, opening the way to a rich chemistry at temperatures of a few mK, or less [14] . Besides, controlled ion-atom cold collisions may be used for future quantum information processing [15, 16] . Again, ion-atom collisions are involved with reactive charge exchange process [17, 18] . In a recent experimental work, it is shown that the internal electronic states of a single trapped ion can be manipulated via spin exchange processes [19] . Furthermore, the role of the hyperfine interaction on a chemical reaction of ion-atom colliding system is studied [20] .
Many experimental groups have carried out experiments with various combinations of alkali atoms Rb and alkaline-earth ions: Rb atoms with Ca + [21, 22] and Ba + [23] ions. In addition, an optical dipole trap of Rb atoms has been merged in a Paul trap containing a few Ba + ions [24, 25] . Radiative emission during cold collisions between trapped laser-cooled Rb atoms and alkaline-earth ions Ca + , Sr + and Ba + , and various spectroscopic properties of the related molecular ions are studied theoretically by Aymar et al [26] . Theoretically, first ab initio calculations of alkaline ion and hydrogen atom of (BeH) + molecular ion system have been carried out by Ornellas et al [27] [28] [29] [30] . The molecular ion (BeLi) + is extensively investigated using only the ground and the first excited states [31] . The low-energy collisions for the alkali ion and an alkali atom system have also been performed [32] . Recently, Rakshit et al [33] have theoretically investigated (BeLi) + system at low energy predicting the possibility of formation of the cold molecular ion by photoassociation (PA) process.
A promising way to form cold molecule or molecular ion is two-photon Raman process or Stimulated Raman adiabatic process (STIRAP) [34, 35] . STIRAP is an important population transfer method occurred in a coherent way by which population of the initially populated level can be efficiently transferred to the final target level. To make effective state transfer by this process, two lasers are applied in a counter intuitive way so that the system will remain in a dark state (DS) satisfying an adiabatic condition. This method was first implemented in Λ-type discrete three-level systems [36] where DS, a special eigen state of the system of which population remains zero during transfer process. In these discrete Λ systems complete population transfer is possible. But systems involving a continuum such as two-atom or ion-atom collisional continuum, complete population transfer is difficult by this coherent method as it is impossible to form a transparent DS at all energies. In a recent theoretical paper on continuum-bound-bound system resembling Λ-type configuration [37] , it is shown that the population in the continuum of ion-atom scattering states can be partially transferred to a target state via STIRAP-like fashion and the system follows a quasi-DS condition.
This study has three parts. In the Part-I, we calculate adiabatic potential energy curves for (BeNa) + , (BeK) + and (BeRb) + molecular ionic systems by ab initio approach involving a non-empirical pseudo-potential for the X + (X=Na, K, Rb) and Be 2+ cores. Here, core-valence correlation is accounted in an empirical form of corepolarization potentials and multireference configuration interaction technique is employed. In the potential energy plot, short range part is obtained by our ab initio calculation and long-range potential obtained by the sum of the dispersion terms described by -1/2(C 4 /r 4 + C 6 /r 6 ). We calculate spectroscopic constants and transition dipole moment for these systems. In Part-II of this work, we investigate elastic hetero nuclear cold collisions for a wide range of energies ranging from 0.01 µK to 1 K between alkaline-earth ion Be + and neutral alkali atom X (X=Na, K, Rb) of each BeX + Figure 1 . Potential energy curves of three BeX + systems are plotted as a function of internuclear separation in different electronic states, respectively. In the lowest panel, the curves are plotted in ground state where solid black line corresponds to (BeNa) + system, red dashed and blue double dashed lines are for (BeK) + and (BeRb) + , respectively. Next two panels represent the same for the electronic states 2 1 Σ + and 3 1 Σ + of three systems.
system in their first excited electronic state. At low energy regime, hetero-nuclear ionatom collision is dominated by elastic scattering process and charge transfer process is suppressed.
In Part-III of this study, we explore formation of cold molecular ion from a colliding pair of alkaline ion Be + and alkali atom X by photoassociative Raman process. Following the Fano diagonalization method [38] , we obtain a dressed continuum state and this state can be treated as a quasi-DS under certain physical conditions. We apply a STIRAP-like process for transfer of the atomic population from ion-atom scattering continuum of first excited state to molecular population in electronic ground state. We have found that effective population transfer is possible for three BeX + systems.
The plan of this paper is as follows. In Part-I, we briefly describe the ab initio method used in the calculation of the Born-Oppenheimer potential energy curves. Numerical results of the electronic structure namely interaction potential and transition dipole moments of these molecular ion systems are presented and discussed in this portion. In Part-II, we study the elastic scattering properties between the alkaline-earth ion Be + and the alkali atom X (X=Na, K, Rb) using the first excited electronic state. The formation of cold molecular ions by STIRAP technique are presented and discussed in Part-III. In last section we make some remarkable conclusions.
Part-I: Calculation of molecular and spectroscopic properties

Method
As in previous works on LiH [39] , LiNa [40] and LiCs [41] , the BeX + (X=H and Li) molecular ion [42, 43] is treated as a two-valence electron system using the nonempirical pseudopotential of Barthelat and Durand [44] , in its semi-local form and used in many previous works [39] [40] [41] [45] [46] [47] [48] [49] [50] [51] [52] . Furthermore, the self-consistent field calculation (SCF) is followed by a full valence configuration interaction (FCI) calculation using the CIPCI algorithm of the standard chain of programs of the Laboratoire de Physique Quantique of Toulouse. For the simulation of the interaction between the polarizable Be 2+ core with the valence electrons of the alkali nucleus, a core polarization potential V CP P is used, according to the operator formulation of Müller, Flesh and Meyer [53] :
where α λ is the dipole polarizability of the core λ and f λ is the electric field produced by valence electrons and all other cores on the core λ.
where r iλ is a core-electron vector and R λ ′ λ is a core-core vector. According to the formulation of Foucrault et al [54] the cut-off function F ( r iλ , ρ λ ) is taken to be a function of l in order to treat separately the interaction of valence electrons of different spatial symmetry and the core electrons. It has a physical meaning of excluding the valence electrons from the core region for calculating the electric field. For the Beryllium, Sodium, Potassium and Rubidium atoms, we used (7s9p10d/7s8p9d) [42, 43] , (7s6p5d3f/6s5p4d2f) [55] , (7s5p7d1f/6s5p5d1f) [56] and (7s4p5d1f/6s4p4d1f) [57] , basis set of Gaussian-type orbital, where diffuse orbital exponents have been optimized to reproduce the atomic states 2s, 2p, 3s, 3p and 3d, and 2s 2 , 2s2p, 2s3s, 2p 2 , 2s3p and 2s3d for Be + and Be species, respectively. Following the formulation of Foucrault et al . [54] , cut-off functions with l-dependent adjustable parameters are fitted to reproduce not only the first experimental ionization potential but also the lowest excited states of each l for Na, K Rb, Be + and Be species. In the present work, the core polarizability of Be 2+ s taken to be α The best way to check the accuracy of the used basis sets is to calculate the atomic energy levels and then the molecular asymptotic limits. For this aim, the molecular asymptotic energies were determined for Be(2s 2 , 2s2p, 2s3s, 2p 2 , 2s3p and 2s3d) + X + (X=Na, K and Rb) and Be + (2s, 2p, 3s3p and 3d)+ X, for which Na(3s, 3p) and K (4s, 4p) nad Rb(5s, 5p) are involved. The comparison with experimental limits shows a [58] . From this table, we found that the difference betwen our limits and experimental values does not exceed 515.22 cm −1 , which is found for Be (2s 2 )( 2 S) atomic levels corresponding to a relative difference (∆E/E) of 0.23%. The quality of the used basis sets and cutoff radii optimized for the pseudopotentials are confirmed by this good agreement. In fact, the theoretical limits for the higher excited states are also in very good agreement with experimental ones. These asymptotic energies will be present in a separate paper devoted to ab initio calculation for many electronic states of 1,3 Σ + and 1,3 Π and symmetries, permanent and transition dipole moments, vibrational analysis, and relative lifetimes for the three ionic molecular systems BeNa + , BeK + and BeRb + . The BeX + (X=Na, K, Rb) systems are modeled as molecules with two valence electrons moving in the field of the Be 2+ and X + (X=Na, K, Rb). A full configuration interaction method is used to obtain the relevant potential energy curves. The potential energy for the molecular ionic systems (BeNa) + , (BeK) + and (BeRb) + are calculated for a large and dense grid of internuclear distances ranging from 4 to 200 a.u. Limited to the X, A and C state, the potential energy curves for each molecule (BeNa) + , (BeK) + and (BeRb) + plotted in figure 1. These states dissociate into Be(2s 2 )+X + , Be + (2s)+X(ns), Be(2s2p)+X + for BeX + systems. Similar to the (BeH) + and (BeLi) + ionic systems [42, 43] , the molecular ground state is correlated at large distance to the neutral alkaline-earth atom, Be in its ground level, and a closed-shell alkali-metal ions X + . An accurate analysis of these curves show that the ground state has the deepest well compared to the 2 1 Σ + and 3 1 Σ + excited states.
Using the interpolation of the vibrational levels by least-squares approach, the spectroscopic constant (the equilibrium distance R e , well depth D e , the frequency of vibration ω e , frequency and anharmonicity ω e χ e and rotational constant B e ) for the three electronic states of each molecular ionic systems were calculated and presented in table 3. It is clear from figure 1 and table 3 that the equilibrium positions of potential energy curves in all considered states evidently increase from (BeNa) + to (BeRb) + molecular ionic systems. This phenomenon is due to the increase in electronic shells (atomic radii) from Na to Rb atoms.
The long-range potential interaction of ground states X 1 Σ + , for the three systems, varies as -C 4 /r 4 where C 4 is related to the static polarizability of neutral Beryllium atom. On the other hand, the long rang part of 2 1 Σ + states varies also as r −4 , with a coefficient depending on the static polarizability of the alkaline neutral species. To check the accuracy of our calculated Potential Energy Curves and in order to prove its behavior at long-range, we have interpolated the potential energy curve of the ground state X 1 Σ + , dissociating into Be( 1 S)+X + ( 1 S), and the first excited state 2 1 Σ + , dissociating into Be + ( 2 S)+X( 2 S). Based on the fact that the long range ionatom potential interaction described by -C 4 /r 4 and by square fitting of the long-range part of our curves with a single parameter give C 4 values 162.3 a.u, 294.11 a.u and 310.85 a.u for Na( 2 S), K( 2 S) and Rb( 2 S), respectively. As expected, the comparison of our polarizability level with the available theoretical and experimental results shows a very good agreement. Derevianko et al [59] , Ekstrom et al [60] and Holmgren et al [61] found the C 4 values 162.6, 162.7(±0.8) and 162.7(±1.2) a.u, respectively for Na( 2 S). Derevianko et al [59] , Lim et al [62] and Molof et al [63] and Holmgren et al [61] found C 4 values 289.1, 291.1, 293(±6) and 290.6(±1.1) a.u for K( 2 S) and for Rb( 2 S), they obtained the values 318.6, 316.2, 316.2(±6) and 318(±1.4). We reported in figure 2 a comparison between the ab initio and analytical energies of the first excited states 2 1 Σ + of BeX + molecular ions. These figures show satisfactory agreement between the ab initio and analytical energies.
No experimental data nor theoretical calculations have been reported yet for BeK + and BeRb + molecular ions. However, Pyykkö [64] investigated theoretically, BeNa + in its ground state using the MP2 and HF level of calculations. Our results for BeNa + are in good concordance with those presented by Pyykkö. The spectroscopic constants provided by Pyykkö [64] were calculated for the ground state X 1 Σ + , using two methods: Møller-Plesset MP2 (full) and HF methods with polarized split-valence basis set 6-31G * . They found using both approaches (MP2 and HF), respectively, R e = 5.686 au and ω e = 202 cm −1 and R e = 5.731 and ω e = 199 cm −1 . The spectroscopic constants given by the MP2 calculations are, as expected, closer to our values (R e = 5.58 au and ω e = 200.33 cm −1 ) than those found by the HF approximation. Very recently, Fedorov et al [65] presented the spectroscopic constants of the ground state of BeNa + using 3 ). We note that the spectroscopic constants obtained using the CCSDT level and cc-pCVQZ basis set (R e = 5.624 au , D e = 3064.7 cm −1 , ω e = 199.0 cm −1 and ω e x e = 3.2 cm −1 ) are in excellent agreement with our values. The spectroscopic constants with MRCI level of calculation using two different basis sets (cc-pCVQZ and aug-cc-pCV5Z) are similar to each other (R e = 5.617 au , D e = 3018.8 cm −1 , ω e = 193.0 cm −1 and ω e x e = 1.9 cm −1 using the cc-pCVQZ; and R e = 5.614 au , D e = 3086 cm −1 , ω e = 194.6 cm −1 and ω e x e = 1.9 cm −1 using the ccpCV5Z). As it was mentioned by Fedorov et al [65] , the discrepancy of the harmonicity constant values between the two methods (ω e x e = 3.2 cm −1 in CCSDT level and ω e x e = 1.9 cm −1 in MRCI level) can be explained by the fact that the CCSDT method produces a more accurate potential energy curve near the equilibrium distance than the MRCI. The comparison of our spectroscopic constants with the recent molecular constants given by Fedorov et al [65] shows a very good agreement with relative differences ∆(R e )<0.8%, ∆(D e )<1.96% and ∆(ω e )<3.7%. This very good agreement confirms the quality and the accuracy of our CIPSI calculations and, therefore, the use of the pseudopotential technique.
To the best of our knowledge, no experimental data nor theoretical calculations have been reported yet for BeK + and BeRb + molecular ions. Therefore, their spectroscopic properties are reported here for the first time. Consequently, we think that it is worthwhile to perform other calculations for the ground state and some lower excited states for each molecular system. Table 3 shows the Spectroscopic constants of BeX + (X=Na, K Rb) ionic systems using the quantum chemistry package Molpro [66] and using different basis sets and approaches. In this context, CCSD(T) and MP2 calculations were carried out for BeNa + using AQZP [67] basis set for both Be and Na atoms. The agreement between the CCSD(T) and MP2 approaches and the CIPSI calculations for the ground state is remarkable, which confirms the high quality of our calculations and validate again the use of the pseudopotential technique to reduce time and to use large basis sets optimized to get accurate highly excited states. The comparisons between our CCSD(T) calculation and that of Fedorov et al [65] for the ground state shows a very good concordance with a relative differences of ∆ <1.88% for R e , and ∆ <8% for D e . The spectroscopic constants found using the MP2 approach are also very good agreement in comparison with Pyykkö [64] for the equilibrium distance R e as well as for the frequency ω e (∆(R e )<1.1%, ∆(ω e )<6.81%).
New calculations were also carried out using the CCSD(T) and MP2 level of calculations and using the Molpro package for BeK + , and BeRb + . We used a def2QZVPPD+CRENBL ECP10 [68] basis set for K and a AQZP [67, 69] basis set for Rb. The comparisons between the CIPSI and CCSD(T) calculations show a very good concordance as the relative differences are ∆(R e )<3.4% and ∆(ω e )<3.7% for BeK + and ∆(R e )<5.6% and ∆(ω e )<6.2% for BeRb + Furthermore, we have calculated the adiabatic transition dipole moments from X 1 Σ + states to the 2 1 Σ + and 3 1 Σ + electronic states and between the first 2 1 Σ + and second excited states 3 1 Σ + is shown in figure 3 as a function internuclear separation. From this plot it is cleared that the transition dipole moments display a very similar shape for all these ionic molecular systems. These similar behaviors indicate that the electronic wave functions behave in same way for all these systems. Our data, potential interaction and dipole moments, are also provided as supporting information for interested scientists to be used for further simulations.
Part-II: Ion-atom cold collisions
Results and Discussions
In this section we present results on elastic collisions at low energy between alkaline ion (Be + ) and alkali atom (X=Na, K, Rb). We consider, ion-atom collision takes place in 2 1 Σ + molecular potential of BeX + systems where both atom and ion asymptotically goes to 2 S + 2 S electronic states. The choice of the initial state is motivated by ongoing experiments [71] as a single trapped Be + ion immersed in a Bose-Einstein condensate of alkali atoms X (X=Na, K or Rb) in a magneto-optical trap.
When the interaction potential V (r) becomes spherically symmetric, the Hamiltonian can be splited into radial part and angular part. Using partial-wave decomposition, the long-range part of the effective potential of ion-atom systems can be expressed as
where r is separation between ion and atom, µ is the reduced mass of the system and l is the partial wave. The term V CB = 2 2µr 2 l(l + 1) is the centrifugal barrier which is in general higher than kinetic energy of colliding ion-atom pair for l = 0 at all energy. The time independent Schrodinger equation for l-th partial wave describing the system as
here k is the wave number related to collisional energy E = 2 k 2 2µ . The asymptotic form of the wave function is ψ l (kr) ∼ sin[kr − lπ/2 + η l ] with η l being the phase shift for lth partial waves. The above second order partial differential equation (4) can be solved by standard Numerov-Cooley method described elsewhere [70] . The total elastic scattering cross section is given by
Firstly, we compute the partial wave elastic scattering cross section for excited 2 1 Σ + potential for the BeX + (X=Na, K, Rb) systems. In figure 4 , we have shown the partialwaves s(l = 0), p(l = 1) and d(l = 2) cross sections against collisional energy E. We compare our work for the elastic scattering cross section with the results of heteronuclear ion-atom systems [72, 73] . A typical behavior is observed for elastic scattering cross sections at low energies. This distinctive behavior is a consequence of the Wigner threshold laws which arise from the analytic properties of scattering wave functions at low collision energies. From the figure 4, it is cleared that the s-wave cross section becomes independent of energy when k → 0 while higher order partial waves vary with energy for the three BeX + systems.
As k → 0, the phase shift for l-th partial-wave is η l ∼ k 2l+1 if l (n − 3)/2, otherwise η l ∼ k n−2 for a long range potential varying as 1/r n . An accurate analysis for all these cases show that the Wigner thershold behavior for these molecular ionic systems begin to set in as the collision energy decreases below 1µK. In this regime, the s-wave cross section becomes independent of energy while all other higher order partial waves cross section goes as k 2 . In the case of atom-ion collisions, the characteristic energy for the occurrence of the s-wave threshold behavior is in the µK temperature range. But in case of neutral alkali atom system these behavior is observed for energies around 100µK mainly due to shorter range of the van der Waals interactions between neutral atoms. In the Wigner thresold regime, heteronuclear ion-atom elastic collision is the dominant process and charge transfer path is suppressed. The s-wave cross section show a minimum at a low energy when the energy increases beyond the Wigner thershold law regime. This may be related to the Ramsauer-Townsend effect [74, 75] .
In figure 5 , we have shown logarithm of total elastic scattering cross section (σ tot ) with respect to logarithm of energy (E) for three different ion-atom systems (BeNa) + , (BeK) + and (BeRb) + respectively, colliding in the 2 1 Σ + electronic state. To obtain the converging result of total scattering cross section in high energy region (greater than 1 mK), we require more than 80 partial waves for both (BeNa) + , (BeK) + systems and 50 partial waves need for (BeRb) + system. Since, with the increase in collision energy, more and more number of partial waves start to contribute to σ tot . We note that in all the cases, the s-wave contribution is dominant at energy corresponding to temperature below 10 −6 K. This can be explained by the effect of the height of the centrifugal barrier which varies from system to system. Since, an interaction potential varies as -C 4 /r 4 , the height of the centrifugal barrier is given by l(l+1) 5/2 /(4C 3/2 4 µ 5/2 ). So, for energies below 1µK, the effect of the inner part of the potential of the higher partial waves is suppressed by the centrifugal barrier. In figure 6 , we have shown the variation of centrifugal barrier as a function of internuclear separation for our three systems.
At high collision energies, the cross sections are well represented by power-law functions described as
Taking logarithm both sides of equation (6), a straight line is obtained obeying the equation of state log σ tot (E) = −(1/3)E + c E where the slope of the line is -1/3 and the intercept c E depends on dipole polarizabiliy i.e C 4 coefficient of long rangepart of the potential. From the linear fitting of log σ tot vs log E of figure 5 , we have checked numerically that the slope of the line is quite close to 1/3 for the three systems (BeNa) + , (BeK) + and (BeRb) + , respectively.
Part-III: Forming molecular ion by STIRAP
We consider molecular level structure in Λ-type configuration involving continuum of states and two bound states of ion-atom systems (BeNa) + , (BeK) + and (BeRb) + as shown in figure 7 . In this figure, | E represents initially populated ion-atom scattering continuum of first excited molecular potential 2 1 Σ + coupled to the ro-vibrational bound state | 2 of second excited molecular potential 3 1 Σ + by laser L 2 and the state | 2 is coupled to ro-vibrational bound state | 1 of first excited potential by laser L 1 . Here, ω 1 and ω 2 are the frequency of the two applied lasers L 1 and L 2 , respectively. In this Λ-type system of BeX + (X=Na, K, Rb), we want to transfer population from initially populated ion-atom scattering continuum | E to molecular bound state | 1 via the intermediate state | 2 by using two lasers L 1 and L 2 applied in a counter intuitive way. As the molecular ion is formed in the first excited potential, the molecular ion in ground state is likely to be formed by stimulated bound-bound emission or by spontaneous emission. The Hamiltonian for our system under rotating wave approximation is given by
where
is the bound-bound coupling parameter and Λ 2E = 2 | D.E L2 | E is the free-bound coupling parameter, D being the molecular electric dipole moment between the two involved levels. The detuning parameters are defined as ∆ 1 = ω 1 − (E v2 − E v1 )/ and ∆ 2 = ω 2 − E v2 / where E v1 (E v2 ) as the energy of the bound state | 1 (| 2 ). The limits of the energy integrals are [0, ∞[. Considering the Fano diagonalization technique, the dressed state of H is given by where B 1E , B 2E , F E (E ′ ) are expansion coefficients. The detailed derivations are done in the paper [37] . As | E dr is energy normalized, so we can write
here P 1 , P 2 and P C represent the probability that an atom-pair is in the state | 1 , | 2 and the continuum, respectively. The explicit form of P 1 and P 2 in terms dimensionless parameter β are given by
and
where In case of discrete three level Λ-type system, the dark-state (DS) condition is achieved only at two-photon resonance condition. But, the systems involving one continuum DS is not obvious. In such systems, the exact two-photon resonance condition is satisfied for a particular energyĒ = (∆ 1 − ∆ 2 ). For these type systems two-photon resonance condition is changed and it can only be fulfilled when ∆ 1 > ∆ 2 . Therefore, the bound-bound one-photon detuning ∆ 1 must be greater than the one-photon continuum-bound detuning ∆ 2 and the DS condition is given by P 2 = | B 2E | 2 dE ≪ 1 as this would lead to very small contribution of | 2 to the dressed state. We referred this state as a quasi-DS. In case of Λ-like system involving one continuum, the system will remain in quasi-DS when it satisfies the adiabatic condition. The adiabatic condition for this type of system can be expressed as dβ dt ≪ k b T / , where k b is Boltzmann constant and T is temperature of the system. The detailed of this quasi-DS and adiabatic condition for our model system has been discussed in the reference [37] . 
where | φ vJ is the ro-vibrational bound state in 3 1 Σ + potential having vibrational and rotational quantum number v and J, respectively and | ψ ℓ,k (r) is the energy normalized partial wave scattering state of 2 1 Σ + potential. D(r) is the molecular transition dipole moment between 2 1 Σ + and 3 1 Σ + potentials of the three BeX + systems depends on internuclear separation and η J,ℓ is an angular factor where |η J,ℓ | ≤ 1. Here, the term D v,ℓ poorly depends on rotational quantum number J, we can easily neglect J-dependence of D v,ℓ and it can be expressed as
The stimulated line width is given by Γ(E) = 2π | η J,ℓ D v,ℓ | 2 . The value of the stimulated line width Γ(E) for the selected bound state of BeX + systems present in 3 1 Σ + state are given in table 4.
In figure 8 , we have shown the variation of free-bound radial transition dipole moment | D v,ℓ | 2 as a function of energy in different panel for s-(l = 0), p(l = 1) and d-wave(l = 2) scattering state of 2 1 Σ + potential and selected φ vJ of 3 1 Σ + potential for each BeX + systems. The value of squre of free-bound radial transition dipole moment at low energy (0.1 µKelvin) for (BeNa) + system present in the upper panel of this figure is greater than the other two systems (BeK) + and (BeRb) + , respectively. From figure 8 it is also cleared that s-wave makes finite contribution at very low energy for each of BeX + systems where as contribution of higher order partial waves are very small. But, in the energy regime above 0.1mK, the contribution of higher partial waves become significant to the dipole transitions.
In our systems quasi-DS formation is possible for a range of collision energies near E that we have discussed earlier and the ion-atom systems will be in quasi-DS for such energy regime. For our three systems, we considerĒ = 0.1mKelvin. In order to bring a finite fraction of ion-atom pairs in quasi-DS, we have to set the temperature k b T =Ē for a thermal system of ion-atom mixture. Under this condition, if we vary the ratio of continuum-bound and bound-bound coupling parameters β subject to the fulfillment of adiabatic condition, then one can achieve STIRAP like process to form cold molecular ions from cold ion-atom pairs.
In figure 9 , we have shown the variation of probability of target state | 1 and intermediate state | 2 as a function of dimensionless parameter β for our three ion-atom colliding systems. The nature of plot for each BeX + system remains same obtained for different set of parameters. We consider first (BeNa) + system for which we have taken scaled detuning parameters δ 2 = 0.5, δ 12 = 0.1 and Γ 2Ē = 1.45 MHz that corresponds to FC factor at an energy 0.1 mK and intensity 1.5 kWcm −2 of L 2 . In case of (BeK) + and (BeRb) + systems, detuning parameters remain same but Γ 2Ē values are 1.55 MHz and 1.20 MHz with intensities 1.4 kWcm −2 and 1.2 kWcm −2 of laser L 2 , respectively. In all three systems, we obtain similar type of plot by varying the parameter β from 0.2 to 200. It is clear from figure 9 that the probability P 2 of the intermediate state | 2 rises significantly with increase in value of β. Thus, for higher value of β, the systems come out from quasi-DS regime. But, in the lower range of β, probability (P 1 ) of target state rises rapidly whereas that of P 2 remains close to zero. Therefore, in this regime when bound-bound coupling parameter is much higher compare to the continuum-bound coupling parameter, the systems remain in quasi-DS and population transfer efficiency is near about 55-65 percent for our three BeX + systems.
Conclusions
In our study, by calculating ab initio data, potential energy curves have been plotted. Also, the interaction potentials and spectroscopic constants have been calculated in ground and other two low laying excited states of (BeNa) + , (BeK) + and (BeRb) + molecular ionic systems. To the best of our knowledge, for the first time ab initio calculation of the system of alkaline ion (Be + ) interacting with alkali atom (K, Rb) is being reported here. However, our data for the BeNa + ground state were compared with available theoretical data [64, 65] . The good agreement between our spectroscopic constants and the recent ones of Fedorov et al [65] proves the high accuracy of our calculation and validate the use of the pseudopotential technique. In close connections, we have studied elastic collision physics in a range of energy for these BeX + (X=Na, K, Rb) systems in which each system follows Wigner thresold law at low energy and the 1/3 law at higher energy regime. Besides, we explored that by applying STIRAP method molecular ion can be formed in ground electronic potential. It is observed that the system involving bare continuum resembling a Λ-like configuration, the nature of DS will remain in flickering form resulting in partial population transfer. In our BeX + systems, we have shown that 55-65 percent population can be transferred by STRAP method for molecular ion formation. We expect that our analysis including ab initio data can serve as a solid foundation for future studies on BeX + systems.
